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Optimal Income Taxation: An Example with a U-Shaped
Pattern of Optimal Marginal Tax Rates: Comment

By Momi DAHAN AND MICHEL STRAWCZYNSKI*

In a recent paper, Peter A. Diamond (1998)
reopens the question of the optimal shape of mar-
ginal tax rates at high levels of income in the
framework of the classical model of skills (James
A. Mirrlees, 1971). As well known, this widely
used model in the Public-Economics literature
does not prescribe a clear-cut pattern for optimal
marginal taxes, by calling for optimal marginal
rates that lie between zero (for the top and bottom
of the ability’s scale)! and one. Consequently, it
has been the practice to obtain the optimum tax
shape by running simulations, which are based on
different assumptions—as described below.

Until recently, a vast quantity of works seemed
to generate a strong case supporting declining
marginal tax rates at high levels of income? (Table
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!'With a finite maximum for the skill distribution, the
optimal marginal tax rate at the income level of the top skill is
zero (Efraim Sadka, 1976; Jesus K. Seade, 1977). If individ-
uals choose to work, a zero optimal marginal tax rate is also
obtained at the income level of the bottom skill (Seade, 1977).

2 In Mirrlees’ pioneering simulations, optimal marginal
taxes decline with income. Since the shape was close to
linearity, this point was stressed neither by Mirrlees nor by
other authors citing his work. A more recent paper that uses
also a lognormal distribution and shows a declining pattern
of marginal two-bracket linear tax rates is Joel Slemrod et
al. (1994). Note that these results were obtained under the
assumption that income is certain. With income uncertainty,
simulations show that optimal taxes rise with income. Hal
R. Varian (1980) and Strawczynski (1998) provide exam-
ples where differences in income are due to “luck.” Matti
Tuomala (1984b) provides an example that introduces labor
income uncertainty to the classical model of skills.
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1). By contrast, Diamond’s examples of a U-
shaped optimal pattern imply rising marginal tax
rates at high income levels, a finding that is in line
with most actual income tax systems.

In this note we replace the assumption of
linear utility of consumption made by Diamond
(1998) to logarithmic utility of consumption.
We present simulations based on these two
functional forms that show that optimal income
tax rates may decline or rise at high levels of
income. The assumed form of utility of con-
sumption is solely responsible for the shift from
upward to downward sloping of the optimal tax
structure at high levels of income.

This paper is organized as follows. Section I
extends the first-order condition (FOC) for op-
timum marginal income tax rates for the case of
concave utility of consumption. Section II pre-
sents simulations of declining and rising opti-
mal tax rates at high levels of income. Section
III concludes the paper.

1. The Optimum Shape with a Concave Utility
of Consumption

Assume the following utility function:

) u=U(C)+ V(1 —-1L)

where C is consumption, 1 — L is leisure, and
U and V are respectively the utility of consump-
tion and the utility of leisure. We assume that V
is concave, and we extend in this section Dia-
mond’s analysis to the case of concave utility of
consumption that implies the presence of in-
come effects.

The problem consists of maximizing a social
utility function equal to the integral of G(u),
with skills distributed by f(w), taking into ac-
count the budget constraints at the individual
and macro level (the Lagrange multiplier of the
latter being denoted by v), the self-selection
constraint, and the first-order condition at the
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TABLE 1—THE OPTIMUM SHAPE ACCORDING TO THE LITERATURE

Optimum schedule (marginal taxes)

F(w) Mirrlees (1971) Atkinson (1973) Tuomala (1984a) Kanbur and Tuomala (1994)
0.1 24 33 68 70
0.5 22 30 62 80
0.9 19 26 50 78
0.99 17 21 35 48
Notes: All the simulations assume a lognormal distribution with a mean skill of 0.4 (u = —1). The first three papers assume

that the variance of the logarithm of skills is 0.39, while the last paper assumes a variance of 1. All papers assume an elasticity
of substitution (e) of 0.5, except Mirrlees (1971) where e = 1. All papers assume the existence of income effects: in the first
two papers U equals 1/C while in the last two it equals 1/C2. The revenue requirement is 7, 2, 10, and 10 percent of total
income, respectively. The simulations shown in the table assume a utilitarian social planner except Anthony B. Atkinson
(1973), who assumes an ‘inequality aversion’ coefficient of 2.

individual level. We obtain the following ex-
pression for the FOC of the optimum nonlinear
marginal tax:>

@ —= [%][Uc]

fwy [g; - Gu]f(w) dw

w

o Ty )
y [(1 - F(W))]
fw) |
VL _dF
e=l-~~- f=5
Wy—top skill.

The first and second terms in brackets rep-
resent the standard efficiency and income ef-
fects. The third term is the inequality aversion
effect. If we assume a decreasing social mar-
ginal utility (G,, < 0), the higher w, the
higher the optimum marginal tax rate as a
consequence of this effect. Note also that

3 A formal analysis is presented in an Appendix avail-
able on request from the authors. We assume that gov-
ernment intervention is purely redistributive. As
explained by Joseph E. Stiglitz (1987 p. 1008), for the
case of a separable utility function (u¢(; -, = 0) and
linear utility of consumption, ¢ is the compensated elas-
ticity of labor supply.

when U, decreases with w, the impact of the
inequality aversion effect increases, since
transferring one dollar from the rich to the
poor increases social utility.

The last term is the “distribution effect.” This
term is the ratio of individuals above a particu-
lar income level, 1 — F, to the individuals in
that particular income level itself, £.* A high
marginal tax rate at a particular income level
distorts the decision for that income level, but
this new higher marginal tax acts as a lump-sum
tax on higher income levels. This is so since the
decision at the margin is not affected by mar-
ginal tax rates in previous brackets. The higher
(1 — F) relative to f, the higher is the quantity
of individuals that are paying lump-sum taxes,
and consequently the higher is the optimum
marginal tax rate.

Figure 1 shows the “distribution effect” for
several well-known income distributions (uni-
form, exponential, Pareto, and lognormal). The
aim of that figure is to show the shape (declin-
ing or rising) of income tax rates implied by the
“distribution effect” only. The chosen parame-
ters of the distributions are based on previous
studies.’

Equation (2) provides the basis for simu-
lating all different optimal shapes shown in
the literature—varying the assumptions on
the different components of the model. For

4 Note that this term is equal to 1 over the hazard rate.

> The parameters for Pareto and lognormal distribu-
tions were taken from David R. Feenberg and James M.
Poterba (1993) and Ravi Kanbur and Tuomala (1994),
respectively.
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FIGURE 1. DISTRIBUTION EFFECT
Notes: Parameters: Uniform—from 0 to 20.
Lognormal—u =1 o = 1.
Exponential—A = V2.
Pareto—x, = 1.5 6 = 2.

the sake of comparison with the previous lit-
erature, we will concentrate on the case of
logarithmic utility of leisure, which consti-
tutes one of Diamond’s (1998 p. 90) examples
with increasing optimal tax rates, and it was
also the benchmark assumption of Mirrlees,
who obtained declining tax rates at high lev-
els of income.

II. Rising or Declining Optimal Rates at High
Levels of Income?

We assume logarithmic utility of leisure, a
Pareto distribution of skills, and an inequality-
averse social planner. The efficiency effect [the
first term in equation (2)] in this case equals
(1 — mU,. The inexistence of income effects
implies that U~ = 1, which means that the
structure of marginal income tax rates depends
on the inequality aversion and distribution ef-
fects in equation (2). An inequality-averse so-
cial planner means that the third term in
equation (2) increases with income at high lev-
els of income since G,, is negative. Using a
Pareto distribution implies that the distribution
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effect increases all over the range.® Therefore
optimal marginal income tax rates unequivo-
cally rise with income at high levels of income.
This result holds also with a lognormal distri-
bution of earnings’ which is frequently used in
the optimal income tax literature and has em-
pirical support.®

However, the optimal structure of marginal
income tax rates at high levels of income is
unclear once we assume concave utility of con-
sumption. As can be shown in equation (2), the
presence of U, drives the optimal marginal
income tax rates down due to the standard in-
come effects. A concave utility of consumption
implies that income effects are weaker for rich
individuals, which calls for lower taxes at high
levels of income. But at the same time it works
to raise tax rates because of its impact on the
inequality aversion effect. Therefore we are
bound to use simulations to determine the shape
of marginal tax rates in that case.

In the simulations below we use logarithmic
and linear utility of consumption, logarithmic
utility of leisure, an inequality-averse social
planner, and Pareto and lognormal distributions
of skills. Figures 2A and B show the simulated
shape of marginal income tax rates for four
different cases.” Figure 2A compares two cases
that correspond to rows 1 and 2 in Table 2,

6 A Pareto distribution defined as f = ak*w™ @+
implies that (1 — F) = (k/w)® and (1 — F)/f = w/a. Thus
the “distribution effect” increases as w increases.

7 As implied by the analysis presented in Tony Lancaster
(1990 p. 47), in this case the “distribution effect” is
U-shaped.

8 There is evidence supporting a Pareto distribution at
the upper tail of the distribution (Feenberg and Poterba,
1993) which is the main focus of this Note. However, for
the whole distribution, J. Aitchison and J. A. C. Brown
(1957), H. F. Lydall (1968), and Yoram Weiss (1972)
argued that the lognormal distribution fits fairly well the
distribution of earnings in homogeneous sectors of the labor
market. A detailed discussion may be found in A. Frank
Cowell (1995).

° The simulation is based on an approximation that as-
sumes that G, = 0 at high levels of income, i.e., a concave
social utility function (a similar approximation for U, = 0
and a utilitarian social planner is presented by Tuomala,
1984 p. 364). We normalize optimal taxes to the level in
Mirrlees: 19 percent for F(w) = 0.9. Note that the shapes
of the tax structure at high levels of income in cases that use
linear utility of consumption are known without simula-
tions. We provide simulations for those cases just for com-
parison.
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FIGURE 2A. OPTIMAL TAXES AT HIGH LEVELS OF SKILL
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FiGURE 2B. OpTIMAL TAXES AT HIGH LEVELS OF SKILL
THE CASE OF LOGNORMAL DISTRIBUTION
(MEAN = —1 AND STANDARD DEVIATION = 0.39 As IN MIRRLEES, 1971)

respectively. The solid line corresponds to Di-
amond’s results while the dash line represents
our first example, that replaces linear utility by
logarithmic utility of consumption. The shift
from linear utility of consumption (that implies
no income effects) to logarithmic utility of con-
sumption (that implies the presence of income

effects) reverses the result from rising to declin-
ing marginal income tax rates.'® When income
effects are not present, the optimal tax schedule

1% The logarithmic utility of consumption implies weak
income effects relative to other common functions used in
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TABLE 2—SUMMARY OF RESULTS®

Optimal tax
schedule at

Utility of Utility of Social Distribution high levels of
leisure consumption planer of skills income

Inequality

Diamond (1998) Logarithmic Linear averse Pareto Rising
Inequality

Our example—Figure 2A Logarithmic Logarithmic averse Pareto Declining
Inequality

Our example—Figure 2B Logarithmic Linear averse Lognormal Rising
Inequality

Mirrlees (1971 p. 203) Logarithmic Logarithmic averse Lognormal Declining

2 The results shown in column 5 are the same with exponential distribution of skills keeping the same all other assumptions.

hits the ceiling of Figure 2A relatively quickly
because the asymptotic tax rate goes to one.!!

Figure 2B also makes clear that the assumed
utility of consumption is critical by comparing
Mirrlees’ example to our second example (these
two examples correspond to rows 3 and 4 in
Table 2, respectively). Again the only differ-
ence between these two examples is the as-
sumed utility of consumption. While Mirrlees’
example shows declining optimal marginal in-
come tax rates, our example with no income
effects produces rising income tax rates at high
levels of income.

The message that arises from these simula-
tions under the assumptions summarized in Ta-
ble 2 is that the structure of the optimal
marginal income tax rates at high levels of
income is sensitive to the assumed form of the
utility of consumption. It also helps to put a
bridge between the declining shape of Mirrlees’
example and the rising shape of Diamond’s
example.

The assumed utility of consumption is impor-
tant also for the calculation of asymptotic mar-
ginal income tax rates. The asymptotic tax rate
converges to a constant under the following
assumptions: constant elasticity of labor, a Pa-
reto distribution, linear utility of consumption,

the literature. For example, Tuomala (1984a) and Kanbur
and Tuomala (1994) use U = —1/C.

! In this case the asymptotic tax rate equals to one since
the left-hand side of equation (2) goes to infinity; the rele-
vant equation in this case is: 7/(1 — 7)2 = aw, where a is
a constant.

and an inequality-averse social planner. In con-
trast, the asymptotic tax rate is unclear once we
replace linear by concave utility of consump-
tion, since the second term in equation (2) goes
to zero and the fourth term goes to infinity.

III. Conclusions

This Note shows that income effects play an
important role in determining the optimal shape
of income tax structure. First, it shows that the
result of rising marginal income tax rates pre-
sented by Diamond (1998) is sensitive to the
assumed utility of consumption. Replacing lin-
ear by logarithmic utility of consumption that
implies the presence of income effects, pro-
duces an opposite result of declining marginal
tax rates at high levels of income in the simu-
lations.

Second, it shows that the assumed utility of
consumption plays a critical role in Mirrlees’
example (1971). The income tax structure is
upward (rather than downward) sloping at high
levels of income using linear utility of con-
sumption that implies no income effects.
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